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Quantum detection and estimation theory has been developed within the conventional framework of quantum mechanics, one of the principal tenets of which is that only observables associated with commuting operators can be [1] [2] [3] simultaneously measured on the same system.
It has been suggested that this formulation is too restrictive, that noncommuting operators can be at least approximately measured on the same system, and that to include this possibility may permit more effective detection, as measured by a lower average Bayes cost. [4, 5] We wish to show that no such improvement can be expected.
The simultaneous measurement of noncommuting ob~ervables has been treated by Gordon and Louisell.[6] In order to approximately measure certain such observables on a quantum-mechanical system S, it is made to interact for a time with a second system A, termed the apparatus. It was shown that a suitably defined ideal measurement yielding approximate values of the noncommuting observables can be based on the outcome of measurements of commuting observables on the apparatus A, or more generally on both Sand A. What we must therefore do is apply quantum detection theory--with its restriction to commuting observables--to the combined system S + A. The average cost is then
where~j is the prior probability of hypothesis Hj and C ij is the cost of choosing Hi when H j is true. Let {TIj(t)} be the projection operators that minimize C when the system S + A is observed at time t; we call these optimum.
Then by (1) the operators (5) will minimize C when S + A is observed at time to' Because of the unitarity of U(t, to)' the set {TIj(to)} also forms an M-fold resolution of the identity into commuting projection operators, and the TIj(to) are optimum at time to-Since the minimization is carried out over all possible M-fo1d resolutions of identity, the minimum Bayes cost C min must be independent of the observation 
Furthermore, as the apparatus A before the interaction has no information A about which hypothesis is true, p (to) in (6) must be independent of j.
The Bayes cost is now C
Since S and A are completely uncoupled, and the state of A is independent of which hypothesis H. is true, there is nothing to be gained by observing A. Let X. be an operator J whose measurement on S yields an unbiased estimate 6 j of the j-th parameter; ,. 6j must be an eigenvalue of X j . Although in order to be measured simultaneously on the same system the operators X j must commute, the analysis leading to the lower bounds given in [3] does not require commutativity of the operators X j • For the class of oommuting operators yielding unbiased estimates of the parameters § there will exist lower bounds on the mean square errors, and those will be greater than or at least equal to the bounds derived in [3] .
Again including the possibility of measuring noncommuting observables cannot lead to lower bounds smaller than those in [3] . In order to measure such operators even approximately, a measuring apparatus A must be allowed to interact with the system S, and according to Gordon and Louisell's treatment of the process, commuting operators will at the enq be measured on the combined system S + A. [6] In the Schrodinger picture the density operator pS+A(~, t) for S + A will have a time dependence similar to that in (1).
Referring to (7) of [3] we see that the symmetrized logarithmic derivatives (SLD) Lj(t) appropriate for determining the Cramer-Rao lower bounds when the measurements of X j are made at time t are related to those appropriate for measurements made at to by (9)
Then (13) of [3] shows that the matrix A that sets the lower bounds is independent of the time t of observation, again because of the unitarity of the operator U(t, to)'
Once more we move back to an epoch to before the system and the apparatus have interacted.
where the density can be attained [8] . It is unknown whether commuting operators can be found whose measurement will yield unbiased estimates fix and my with variances lying between 1 1 1 "2 (N +"2) and "2 (N + 1).
The measurements we need to make on a quantum-mechanical system S for testing hypotheses or estimating parameters will always have to be effected by means of an auxiliary apparatus A, and this apparatus, subject to thermal and quantum fluctuations of its own, will ordinarily introduce additional random uncertainties. Each measurement procedure will have to be analyzed to determine what error costs it entails. Detection theory and estimation theory seek lower bounds on these costs, and in doing so they minimize with respect to the entire class of possible detection or estimation operators that can be applied to the system. The resulting bounds are independent of the time of observation, and they cannot be reduced by using any auxiliary apparatus that initially posseses no information about the state of the system.
